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In lovingmemory of my grandmotherMomo.

Her pride would not have been in the title this work confers, but in the joy of its pursuit.

She taught us that the greatest achievement is to pour your heart into what you love; for

us, that became computer science.

May we all learn from her example: to love and accept people just as they are.
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ABSTRACT

This dissertation is an exploration of quantum formal veri�cation through the develop-

ment of VyZX, a new formalization of the ZX-calculus. VyZX uses the categorical struc-

ture of the ZX-calculus to reason about ZX diagrams, providing a framework to establish

completeness, encode common rules, and investigate applications like peephole opti-

mization. However, working within a symmetric monoidal category introduces chal-

lenges, as the same ZX-diagram can have many equivalent representations in VyZX. This

results in signi�cant manual proof e�ort, as there is no single �best� normal form, which

is both tedious and di�cult to fully automate.

To address this, use E-Graphs, a data structure for managing equivalence classes, to

streamline reasoning about equivalence. We build a system that can automatically use

VyZX lemmas to prove the equivalence of two semantically equivalent diagrams if they

are equal up to structure. The system performs well, solving complex associativity prob-

lems in less than a second. In benchmarks, the system can handle associativity chains of

up to 47, where in practice we don't see any larger chains than 8. In addition, we explore

the practical limits of solving more complex equalities using custom rewrite databases.

The system is able to replace and outperform autorewrite for a common problem class

in the scope of VyZX.
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CHAPTER 1

INTRODUCTION

1.1 Thesis

In this thesis, we explore proof engineering strategies for formal veri�cation for quantum

operations. Quantum computing lies in the sweet spot for formal veri�cation [Ringer

et al., 2019]. Quantum programs are uniquely hard to debug [García de la Barrera et al.,

2023], expensive to run, and there is only a small class of algorithms we can practically

use at the moment [Nielsen and Chuang, 2010a]. Therefore, the additional time and ef-

fort needed to verify tools and algorithms is warranted. The problem, however, is that

in its current state, verifying quantum process in proof assistants utilizing the Calculus

of Inductive Constructions (CIC) [Pfenning and Paulin-Mohring, 1990] requires proofs of

matrix equivalence. Writing such proofs is often tedious and requires extensive knowl-

edge of advanced linear algebra. While this method may be appealing for mathemati-

cians, our work is directed at making the problem more approachable to the computer

scientist. We conjecture that using graphical reasoning together with advanced proof au-

tomation techniques, we can reduce the friction of formally reasoning about quantum

systems.

1.2 Problem I: Veri�ed ZX-calculus

Current approaches to quantum veri�cation often focus on either building bespoke proof

assistants that have a much larger and more error-prone trusted code base or on verifying

circuit identities with measurement [INQWIRE Developers, 2022, Hietala et al., 2021b].

Reasoning about circuits by themselves is an incomplete way of viewing quantum com-

puting, however, as it only allows for unitary reasoning. Typically, once measurement
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is involved, reasoning is complete but these tools also fall back on density matrix ma-

nipulation, which is typically quite involved. While this approach is powerful and com-

plete with respect to any quantum operation, it is also very unintuitive and foundational.

We do not typically reason over large boolean algebra expressions to �gure out a classi-

cal program's behavior, so why should we be doing the analog for quantum computing?

This is where the ZX-calculus �lls the gap, a graphical reasoning system, that abstracts

away from linear algebra and rather diagrammatically focuses on interactions [Coecke

and Duncan, 2007]. Although there are formalizations of ZX-calculus, such as ZXlive

by Shaikh et al. [2023] or quantomatic by Kissinger and Zamdzhiev [2015], these rely on

axioms, which caused bugs in the real world in the past. 1 The ZX-calculus rules can be

proven correct using matrix semantics, eliminating bugs of this type.

1.3 Solution I: VyZX

To bridge this gap, we present VyZX, a formally veri�ed implementation of the ZX-calculus

in Rocq. VyZX proves all common rules, up to Cli�ord+T completeness, and enables

proof engineers to reason about quantum programs graphically. VyZX also comes with a

visualizer to aid graphic reasoning, called ZXV iz . To achieve graphical reasoning in Rocq,

VyZX views the ZX-calculus as a symmetric monoidal category [Selinger, 2010], instead

of a graph based on adjacency. This means in practice that VyZX views the ZX-calculus

as a series of vertical and horizontal compositions of basic objects. This �block view� al-

lows for matrix semantics to be derived from ZX-diagrams and hence gives greater con-

�dence than existing tools by relying on a much smaller trusted code base: Rocq and its

real number library.

1. Seehttps://github.com/zxcalc/zxlive/issues/361 as an example of a bug that would have been
caught by veri�cation with respect to the underlying semantics
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1.4 Problem II: Structural Automation

Unfortunately, the block view obscures connectivity and adjacency information. Dia-

grams are often associated in a way that is not conducive to the next proof step. To re-

solve this, proof-engineers often need to rewrite between semantically equivalent but

structurally di�erent diagrams. In fact, about one quarter of the total lines of proof code

in VyZX are to deal with such structural rewrites. While these structural problems are

typically not necessarily di�cult proofs, they distract from the original proof, and given

their abundance still add up in time taken.

1.5 Solution II: e-graph automation

To rectify this situation, we looked at di�erent proof automation options, and decided

that using e-graphs, as introduced by Nelson [1980], are likely the best way. e-graphs are

data-structures that allow reasoning over equivalence classes and avoid ordering prob-

lems and recomputation. This makes them very well suited for a �smart� proof search

over brute-force approaches such as autorewrite or custom algorithms implemented in

Ltac / Ltac2 . Modern e-graph systems also allow explaining the steps they took to reach

the equivalence using a process called proof explanation Nieuwenhuis and Oliveras [2005].

Further, we will build on this approach to allow for rewrites with arbitrary VyZX lem-

mas databases as a replacement for autorewrite . While this problem is in general NP-

hard [Nieuwenhuis and Oliveras, 2005], we aim to explore the practical limitations and

show that there are practical proof-automation applications in this domain speci�c ap-

proach that previous approaches do not capture.
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CHAPTER 2

PRIOR WORK

2.1 Quantum Computing

This section is not intended to be a full review of quantum computing. Rather, it is a prag-

matic overview of prior related work that is useful for understanding this dissertation.

2.1.1 Quantum Computing Model

For this dissertation, we use the classic quantum QRAM model, where a quantum ma-

chine is an auxiliary component that gets instructions from classic processors [Giovan-

netti et al., 2008]. At the core of this model is the �qubit� (quantum bit). Much like the

classical bit it is the basic unit of information for quantum computing. Unlike a classi-

cal bit, however, it can exist as a linear combination of the zero and one state, called a

�superposition�. Hence a qubit Ã 's state can be expressed as

®
³ 1

0

´
Å ¯

³ 0

1

´
,8 ®,¯ 2 C,j®j2 Åj¯ j2 Æ1

Typically, we notate this using the �Dirac� or �bra-ket� notation where the basis states are

notated as �ket 0� and �ket 1� respectively: j0i :Æ(1 0)T , j1i :Æ(0 1)T [Dirac, 1939]. Further,

for notational convenience bit-strings in kets are understood to be the Kronecker prod-

ucts of said kets: jx1x2 ¢¢¢xn i :Æ
N

i 2{1,¢¢¢,n} jxi i . �Bra�-states are de�ned as the adjoint (or

conjugate-transpose) of ket-states: hxj :Æ jxi †. The state of a single qubit jÃ i is thus a vec-

tor in a 2D complex vector space (speci�cally, a Hilbert space). This is often represented

as the bloch sphere [Bloch, 1946].

Most commonly, today's quantum programs are represented as circuits. Circuits have

a �xed number of qubits (quantum bits) and gates that operate on one or more qubits.
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Figure 2.1: The bloch sphere: Showing all possible states of a qubit. (Image courtesy of
Smite-Meister and wikimedia commons; used under Creative Commons)

These gates, such as the Hadamard, X, Z, and CNOT gates, manipulate the state vec-

tors of the qubits. The Hadamard gate ( H ) is particularly important as it transforms

the computational basis states from the �Z-basis� into the �X-basis� states, de�ned as:

jÅi :ÆH j0i Æ 1p
2
(j0i Å j 1i ) and j¡i :ÆH j1i Æ 1p

2
(j0i ¡ j 1i ). Gates, and hence circuits, mathe-

matically are �unitary� matrices; a unitary matrix U has the property U † ÆU ¡ 1. We shall

break from this classic notion of representing quantum programs, however, and instead

use the ZX-calculus.

2.1.2 ZX-calculus

The ZX-calculus, introduced by Coecke and Duncan in 2007, is a graphical calculus for

quantum operations based on ZX-diagrams and an associated complete set of rewrite

rules as shown by Jeandel et al. in 2020. Therefore, we can diagrammatically reason

about any quantum circuit with the ZX-calculus using rewrite rules that allow any trans-

formation. Based on this calculus, there have been numerous research papers, includ-

ing PyZX an optimizing compiler by Kissinger and van de Wetering [2019]. Furthermore,

there are numerous extensions to the ZX-calculus, such as the ZH-calculus by Backens

and Kissinger [2018] or ZW-calculus by Hadzihasanovic [2015], to provide it with more
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capabilities. While these developments are interesting, they will not be directly rele-

vant to the remainder of this dissertation. The ZX-calculus is universal, meaning that

it can represent any linear map (and hence any quantum circuit) as shown by Jeandel

et al. [2020], Hadzihasanovic et al. [2018], Coecke and Kissinger [2017]. The reverse is

not true, however: There exist ZX-diagrams that have no corresponding circuits, and

hence extracting ZX-diagrams into quantum circuits proves to be a di�cult problem,

shown in Duncan et al. [2020]. Intuitively we can see this greater expressiveness, as cir-

cuits can represent any unitary matrix and unitary matrices are restricted to be square;

linear maps do not have that requirement.

ZX-diagrams & Semantics

ZX-diagrams are a graphical representation of quantum operations. In this section, we

will look at how to construct and interpret ZX-diagrams and at some analogies to quan-

tum circuits. Our presentation draws on the 2020 survey by van de Wetering.

The core components of every ZX-diagrams are so-called �spiders,� which are linear

maps performing Z or X rotations. Each spider is represented as a dot as shown in Fig-

ure 2.2, with an angle ®and n inputs and m outputs. If the spider in question is green, it is

a �Z-spider,� meaning a spider performing a Z rotation, and if it is red, it is an �X-Spider�. 1

A Z-spider with n inputs, m outputs, and angle ® is interpreted as the following 2m £ 2n

matrix:

j0i¢¢¢j0i
| {z }

n

h0j¢¢¢h0j
| {z }

m

Åei ® j1i¢¢¢j1i
| {z }

n

h1j¢¢¢h1j
| {z }

m

1. The speci�c shades of green and red are accessible.
Seehttps://zxcalculus.com/accessibility.html for more details.
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...n m ®
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...n m

Figure 2.2: A red X and green Z-spider with n inputs, m outputs, and rotation angle ®

Likewise, an X-Spider with n inputs, m outputs, and angle ® is interpreted as

jÅi¢¢¢jÅi
| {z }

n

hÅj¢¢¢hÅj
| {z }

m

Åei ® j¡i¢¢¢j¡i
| {z }

n

h¡j¢¢¢h¡j
| {z }

m

Using these semantics, we can see that both an X- and Z-spider with one input and

one output and no rotation, i.e., n Æm Æ1,® Æ0 is the identity matrix. The rotation an-

gle of 0 is omitted when writing spiders, meaning spiders without explicit angles are as-

sumed to have no rotation. As a shorthand, we write such spiders as a �wire,� as shown

in Figure 2.3.

==

Figure 2.3: Identity removal: we see a spider with no rotation as a wire.

Other important constructions are so-called caps and cups. The cap is de�ned to

be the matrix (1,0,0,1)T , whereas the cup is de�ned to be (1,0,0,1). They can be seen in

Figure 2.4.

= =

= =

Cap

Cup

Figure 2.4: The constructions of cap and cup.

The notation of two wires intersecting indicates a SWAP and can be seen as a funda-

mental building block for ZX-diagrams, shown in Figure 2.5. Note that a basic SWAP only

swaps two adjacent wires; we will later construct more general swaps. we will prove this

using our established rules in Section 2.1.2.
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Figure 2.5: A ZX-calculus swap

Furthermore, we can have an empty ZX-diagram. Its semantics are the 1£ 1 identity

matrix.

With these basic blocks established, we can now stack arbitrary ZX-diagrams. Given

two ZX-diagrams with matrix interpretations A1 and A2, the interpretation of their stack

is A1 ­ A2, where ­ is the Kronecker product [Zehfuss, 1858].

We can compose two ZX-diagrams as long as the number of outputs of the �rst dia-

gram equals the number of inputs of the second diagram. Given this restriction, for two

diagrams with corresponding matrices A1 and A2, the semantics of composition (notated

as$ ) of such diagrams is de�ned as A2 £ A1.

ll $

Figure 2.6: An example of a ZX-diagrams block form: A composition (represented by $ )
of stacks (represented by l ) of spiders and wires. Notice that the number of wires on

both sides of the composition are equal.

Figure 2.6 shows an example. Here we can see that we compose two diagrams, each

stacking a wire and a spider. We can work out that the result is the matrix of CNOT gate

using the stack and compose rules:

(
£1 0

0 1
¤
­ (j0ih0jh0jÅ j 1ih1jh1j j )) £ ((jÅi jÅihÅjÅ j¡i j¡ih¡j ) ­

£1 0
0 1

¤
) Æ

· 1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

¸
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This view of ZX-diagrams as a few basic building blocks that get composed and stacked

shall henceforth be called the block view. We can view the same ZX-diagrams instead

based on the adjacency of nodes. we refer to this view as the graph-view . The same di-

agram can be constructed, interpreted, and manipulated using both views interchange-

ably. Although, we shall stick to the semantics being de�ned through the block-view due

to the inductive nature of said view. Furthermore, block view easily allows us to reason

about altering sub-diagrams of a given ZX-diagrams. If there are two equal components,

it follows immediately that these components can be used interchangeably for any com-

position or stacking. Because of these properties, block-view is very relevant for this dis-

sertation.

In many papers, there is also the notation of stacking two nodes right above each

other (in graph view) as shown in the CNOT example in Figure 2.7. This notation merely

means that the direction of the connection between the two nodes is irrelevant, as both

work out to have the same semantics. Since we de�ne the semantics for ZX-diagrams

through block view, which does not have such a construction, we adopt the convention

of interpreting such stack diagrams as if we moved the lower node to the right, as shown

on the right side of Figure 2.7.

ÆÆ

Figure 2.7: Shown are di�erent representations of the CNOT diagram. Note that the
stacked notation is only allowed if the ordering does not matter.

With arbitrary swaps in mind, any ZX-diagram can be deformed arbitrarily, as long

as inputs and outputs are kept in order. Figure 2.8 illustrates this property: Two ZX-

diagrams are equal up to deformation.
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Æ

Figure 2.8: Two equal ZX-diagrams, where the right diagram is deformed. Note that all
connections, inputs/outputs, and qubit order are maintained.

Scalars & Gates

All ZX-calculus diagrams with no inputs and no outputs represent scalars. These dia-

grams can be stacked onto any other diagrams in block view to multiply by a scalar con-

stant. This fact becomes evident as all ZX-diagrams with no in/outputs have matrices

representations with dimensions 1 £ 1. Therefore, any such scalar constructions are of

form [ c ]1£ 1,c 2 C. Hence, when stacking a ZX-diagram with these scalar semantics onto

a ZX-diagram with matrix semantics A, c ¢(I1£ 1) ­ A Æc ¢A.

In Figure 2.9, we show some of the most important and common scalar construction.

To multiply scalars, we can merely stack their diagrammatic representations. It is shown

by van de Wetering [2020] that these three constructions and multiplication of them are,

in fact, su�cient to construct any complex number.

= 1p
2

® ¼

®

=
=

p
2¢ei ®

1Å ei ®

Figure 2.9: A complete set of scalars represented in the ZX-calculus.

We henceforth consider the equivalence relation �proportionality� of ZX-diagrams

denoted by / instead of equality. This means we can omit scalars that typically clutter

up ZX-calculus proofs, as they can be regenerated.

ZX1 / ZX2 () 9 c 2 C\{0}, ZX1 Æc ¢ZX2
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Gates We show a selection of standard gates translated into ZX-calculus in Figure 2.10.

¼
4
¼

T-Gate
X-Gate

¼ Z-Gate
Y-Gate¼ ¼

Figure 2.10: Common gates represented in the ZX-calculus.

The Hadamard gate has a shorthand notation � ä � and its representation is shown in

Figure 2.11.

¼
2

¼
2

¼
2 /

Figure 2.11: The construction of a Hadamard gate in ZX-calculus. Note: The semantics
of this diagram are equal up to a scalar to the Hadamard gate matrix.

Rules

This section outlines a selection of key rules to manipulate and simplify ZX-diagrams.

For more straightforward interpretation, we will show all rules in graph view.

Color swapping We de�ne a color-swapped ZX-diagrams as a ZX-diagrams with the

same structure but with all Z-spiders being replaced by X-spiders (while keeping the an-

gle) and vice versa. It can be shown that any that if a rule can be applied to a ZX-diagrams

zx1 transforming it into zx 2, then it can be applied to the color swapped diagram to zx 1

transforming it into the color swapped diagram of zx 2 [Coecke and Duncan, 2007]. With

this in mind, we show any rule henceforth only for one color con�guration, understand-

ing that it applies to the color-swapped version.

Spider fusion/splitting One of the most important rules is that spiders connected by

an arbitrary (non-zero) number of edges can be fused into a single node with the angles

added. This rule is shown in Figure 2.12. Further, the reverse is true: any spider can be
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split such that the two new spiders add to the original angle. A corollary of this is that

spiders with 0 angle can be split o� on any input or output, as long as they have the color

of the original spider.

®

¯

.

..

...

.. ..

/ ®Å ¯
..

..
..

..

Figure 2.12: The spider fusion rule: Two connected nodes fused into a new node with
added angles.

Self-loop removal Another simpli�cation is that we can remove self-loops, as shown

in Figure 2.13. Intuitively, this rule says that a node cannot provide more information

about itself. A self-loop is an edge that goes from an edge to itself.

®. ..
®. ...

/

Figure 2.13: The self-loop removal rule: Edges from a node to itself are removed

Bi-algebra rule The bialgebra rule is a rule that, while not intuitive, is crucial for many

ZX-calculus proofs as it allows for the rearranging of edges between nodes. The rule is

shown in Figure 2.14.

/

Figure 2.14: The bialgebra rule

Hopf rule The Hopf rule is, similar to the bialgebra rule, a rule that uses the fact that

maximum information about the Z basis gives minimal information about the X basis.

This rule allows us to disconnect speci�c nodes in the diagram instead of changing their

connection. The Hopf rule is shown in Figure 2.15.
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/

Figure 2.15: The Hopf rule

Bi- ¼rule For a given X spider, the spider is equal to itself with pi Z rotations on each

side. Intuitively, this rule is true due to the orthogonal nature of the X and Z basis and the

fact that we are performing in total a full rotation. Figure 2.16 shows this rule.

® .....
.

¼

¼

¼¼

¼

¼

® .....
. /

Figure 2.16: The bi- ¼rule

A corollary of this rule is the ¼-copy rule, as shown and derived in Figure 2.17.

® .....
.

¼

¼

¼¼

¼

¼

® .....
. /

¼

® .....
.

¼

¼

¼¼

¼

2¼

/
® .....

.

¼

¼

¼¼

¼
/

® .....
.

¼

¼

¼¼

¼
/

¼

Figure 2.17: The ¼-copy rule derivation using the bi- ¼rule

Bi-Hadamard color changing For a given spider, one can swap the spider's color while

keeping the angle by composing a stack of Hadamards to the in and outputs. This �bi-

Hadamard� construction is shown in �gure Figure 2.18.

® .....
. ® .....

./

Figure 2.18: Swapping colors using a bi-Hadamard construction

Y-rule The Y-rule is an intriguing rule mainly used in Cli�ord diagrams. It is a rule that

targets strict Cli�ord spiders and allows for manipulation of signs. Figure 2.19 shows this

rule.
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¡ ¼
2

¡ ¼
2

¡ ¼
2

¼
2

Æ

¼
2

¼
2

¡ ¼
2

Figure 2.19: The Y-rule

Constructions

Using the aforementioned rules and basic ZX-calculus facts, we show some other impor-

tant basic ZX facts.

Arbitrary SWAPs To construct an arbitrary swap, we shall �rst build a construction to

shift qubit 1 to n , whereby all other qubits are shifted up. We also build the inverse (i.e.,

shifting qubit n to 1). Figure 2.20 shows this construction. Note that in block-view, the

only native swaps that exist swap two adjacent qubits.

..

.

..

. ..
. . .

. .

. .

. .

/

..

.
..
. ..

.
.

.
. .

.

.

. .

/

..

.

..

. ..
.

..

.

Shifting qubit 1 to n

Shifting qubit n to 1

Figure 2.20: Shifting qubits. The base construction for arbitrary swaps.

By shifting qubit 1 to n using this construction, we shift qubit n to n ¡ 1. Hence, if we

compose a qubit n ¡ 1 to 1 shift (stacked on a wire) to the 1 to n shift, we have constructed

a gate that takes qubit 1 to n , n to 1 and leaves all others untouched, creating a SWAP of

qubits 1 and n as shown in Figure 2.21 This is a swap of qubits 1 and n . We shall denote

this swap as SWAP1,n .
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..

.

..

. ..
.

..

.

n ¡ 1 to 11 to n

Wire

/ ..
. ..

.

SWAP1,n

Figure 2.21: SWAP1,n construction with the individual components explicitly shown in
block-view

To now construct a SWAP between n and n Å c in a diagram with m qubits, we build

the following ZX-diagrams:

Stack n wire on top of SWAP 1,c stacked on top of m ¡ (n Å c Å 1) qubits. Visually, it is

clear that this approach leaves the �rst n and any qubits after n Å c untouched; however,

it swaps n with n Å c. Such a construction shall be denoted SWAP n,nÅc.

Using arbitrary swaps and shifts, we can now interpret any wire crossing in graph-

view with an equivalent block view.

SWAP through 3 CNOTs We will construct a swap from 3 CNOT gates in the follow-

ing. This is a commonly used rule in quantum computing and a good example proof in

ZX-calculus to see the rules we discussed in action. We will also proceed to prove the

equivalence of this construction in graph view in Figure 2.22, loosely based on the proof

found in van de Wetering [2020].

/ /

Deformation Hopf rule

/

Spider fusion

/

Spider fusion

/

Hopf rule

/

Identity removal

/

DeformationCup de�nition

/

Figure 2.22: Graph view proof that 3 CNOTs is a SWAP gate
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(a) Initial e-
graph contains
(a £ 2)/2 .

(b) After applying
rewrite x £ 2 ! x ¿ 1.

(c) After ap-
plying rewrite
(x £ y)/ z ! x £ (y/ z).

(d) After applying
rewrites x/ x ! 1 and
1£ x ! x.

Figure 2.23: An e-graph consists of e-classes (dashed boxes) containing equivalent e-
nodes (solid boxes). Edges connect e-nodes to their child e-classes. Additions and mod-
i�cations are emphasized in black. Applying rewrites to an e-graph adds new e-nodes
and edges, but nothing is removed. Expressions added by rewrites are merged with the
matched e-class. In Figure 2.23d, the rewrites do not add any new nodes, only merge e-
classes. The resulting e-graph has a cycle, representing in�nitely many expressions: a,
a £ 1, a £ 1£ 1, and so on. This �gure is taken from Willsey et al. [2021].

2.2 e-graph systems

e-graphs, �rst introduced by Nelson in 1980, are data structures that capture the equiv-

alence of terms. In an e-graph the important concepts are e-nodes and e-classes. An

e-node represents a term. e-nodes can have children as arguments. For example, f (x, y)

would generate the e-node f with children x and y. e-classes group e-nodes into equiv-

alence classes. Any member of an e-class can be used instead of any other member. For

example, if we consider synonyms to be equivalent, we could have an e-class:

{walk, stroll, trek }. If we want to perform any operation on any member of the e-

class it does not matter which member we choose as the representative of the e-class,

we consider them equivalent. So let us say we have the term Today I took a ____. We

can substitute in any of the e-class' members to capture the meaning of the sentence we

want to create within our example.

Let us look at a more concrete example, taken from Willsey et al.'s 2021 paper, in Fig-

ure 2.23. We consider the initial term shown in Figure 2.23a. Here we see that each e-

class, represented by the dotted lines, contains a single element. In Figure 2.23b we apply
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a rewrite. Here we see that two new e-nodes �(a,1) and 1 are created. We also see that

�(a,1) in the same e-class as *(a,2) . Also note that / from the top level e-class points

to the newly expanded e-class, not an individual e-node, as the representative does not

matter. In Figure 2.23c we see that through the rewrite there is a new member in the top-

level e-class. Colloquially, we say the e-graph is equal to another term if the top-level

e-class contains said term. Lastly, we apply another rule in Figure 2.23d and see that the

e-graph is equal to a. This example also shows another great advantage for the intended

goal of the proposed thesis. The order of rewrites does not matter, as the e-graph can

�nd any representative of an e-class to perform a rewrite on and then unify the new term

with the existing e-class.

2.2.1 e-graphs good (egg)

egg by Willsey et al. [2021] is an equality-saturation based e-graph tool that rekindled

strong interest in the data-structure. In this dissertation we use egg, due to its good per-

formance and developed proof explanation. Typically, e-graph systems use a union �nd

data-structure to canonicalize each e-class and then use a matching algorithm to �nd

rewrite candidates. In this approach, typically invariants are restored at every step, how-

ever,eggdefers such rebuilding until an entire equality saturation step is completed. This

allows for faster saturation and some work duplication avoidance to greatly speed up the

equality saturation process. Further, at the same time a union �nd data-structure is used

for proof explanation in egg.

From a developer egg requires instructions to perform such saturation. Most basi-

cally, it requires a term algebra or abstract syntax that represents the terms one wants to

reason over. Note, eggdoes not support types, if a term can have children there are no

restrictions on what the children can be. eggalso requires so-called rewrites to be spec-

i�ed. A rewrite in eggallows for rewriting of one parameterized term into another under
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conditions. Formally, if you have a language make up of n terms L Æ(t1, . . . ,tn ), where for

each term has children given by c(t i ) Æ[. . . ] with �xed arity. A rewrite rule (or simply, a

rewrite) is de�ned as a four tuple (l , r ,C,V), commonly written as:

l ! r if C

Where:

1. V are variables that can be used in l , r and C.

2. l is the left-hand side, a pattern constructed from operators in L and variables in

V . This is the pattern that is searched for in the expression graph, with variables

allowing any expression. All variables of V must be bound in l .

3. r is the right-hand side, also a pattern. This is the expression that replaces the LHS.

4. C is a set of conditions or predicates, {c1, . . . ,ck }. Each condition is a function c j :

¾! boolean, where ¾ is a substitution for V .

A rewrite rule is applied to an expression in an e-graph through a two-step process:

1. Matching : When looking at a term t , eggsearches for a sub-expression s that matches

the LHS pattern l . This matching process yields a substitution, ¾for all variables in

V . For a match to be found, applying the substitution to the pattern must result in

the sub-expression: ¾(l ) Æs.

2. Applying : If a match is found with substitution ¾, the conditions in C are evaluated

using this substitution. If all conditions are met (
V

i ci (¾)), the rewrite is executed

by adding ¾(r ), to the e-class of the original sub-expression s.
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Consider the following example of arithmetic expressions over rational numbers, where

L ÆQ[ {Å,¢,¡ , log}. We then consider the following rewrite rule:

log(x ¢y) ! log(x) Å log(y) if is_positive (x) ^ is_positive (y)

Here, V Æ{x, y}. If we apply this to the expression 5Å log(8 ¢2), the matching will �nd the

sub-expression s Ælog(8 ¢2), where ¾Æ[x ! 8,y ! 2]. The applier then checks the con-

ditions, c1 Æis_positive (x) and c2 Æis_positive (y) and �nds that
V

{1,2}ci (¾) Ætrue .

Hence, it then adds r (¾) Ælog(8) Å log(2) to the e-class containing log(8 ¢2).

2.3 Veri�cation

Before discussing our implementation, we want to give a brief background on veri�ca-

tion. While we assume readers have decent familiarity with the space, we do believe set-

ting the stage bene�ts the reader.

Henceforth, we de�ne the word veri�cation to mean formal veri�cation using a gen-

eral purpose Calculus of Inductive Constructors (CIC) [Pfenning and Paulin-Mohring,

1990] proof assistant. In this context, when we think about veri�cation, we think about a

proof engineer de�ning a speci�cation of a problem and using the speci�cation to prove

facts about a solution to said problem. Speci�cally, use the CIC based proof assistant

�Rocq prover� by The Coq Development Team [2023] (also known as just �Rocq� and for-

merly as �Coq�). In many ways, this method is very analogous to proofs on paper, with

the di�erence being that the proof assistant veri�es the proof. This veri�cation comes

with bene�ts and drawbacks. The great bene�ts to veri�cation are that one can trust a

formally veri�ed proof much more, as the proof assistant does not allow hand-waving,

and humans are notoriously bad at �nding errors in proof by hand. 2 Further, one can ver-

2. Some mathematicians might disagree strongly with me on this point. However, we think this comes
from a place of great overcon�dence. Famous proofs have been shown to be wrong. Such as the Kapranov
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ify the exact implementation of the software they have. Even if theory is perfectly sound,

software developers naturally introduce bugs, such as in the infamous �Heartbleed� SSL

vulnerability as published in CISA [2016]. Notably, miTLS, a veri�ed implementation of

SSL by Bhargavan et al. [2013], was una�ected.

This power, however, comes with great responsibil ity e�ort. Proving in a theorem

prover is a science by itself. It is no wonder why many published papers �simply� for-

mally verify known facts. But often the veri�cation requires new approaches to existing

proofs, signi�cant engineering, and dedicated domain experts. In fact, VyZX, one of the

works that are part of this dissertation, veri�es the ZX-calculus. While novel in its ap-

proach, it does fundamentally prove facts proven before informally on paper. But for

certain applications, where mistakes are to be avoided at all costs, this e�ort can pay o�.

It is our belief that given the noisy and expensive nature of running quantum programs,

quantum computing is such an application.

2.3.1 Proof Automation

Because of the di�culty of proof in a proof assistant, proof engineers may want to auto-

mate repetitive steps or use proof search to save time and focus their e�orts on problems

that matter. Most proof assistants, like Rocq, have a built-in automatic brute force search

that can be fed hints of which lemmas to try to work with, and a tactic language. Using

such a tactic language, the proof engineer can specify rules based on the goal and con-

text. For example, one could specify that if the goal is x · y and there is a hypothesis x Ç y,

then one should use the lemma that states 8 ab,a Ç b ! a · b. Of course, this is a very sim-

ple example and some have built entire algorithms to search for proof steps within these

tactic languages, such as in our collaborators' work (Shah et al. [2024]). Proof engineers

and Voevodsky [1991] work that was proven incorrect by Simpson [1998], or the incorrect proof of the four
color theorem by DeMorgan recounted by Biggs [1983] (the four color theorem was in-fact proven using a
computer by Appel and Haken [1977] and later in Rocq by Gonthier et al. [2008]).

20



can also still remain con�dent in results as the resulting proof steps are checked by Rocq's

proof checker. The main issue with these tactic languages is that they are hard to work

with, often run very slowly, and in the case of Rocq are poorly documented. 3 In short,

proof automation is either quite limited in its applicability or hard to develop and often

fragile. It is our goal to bring a pragmatic approach to this area with the work we present

in Chapter 4.

3. Side note: we believe this �eld would become a lot more accessible if writers of documentation for
proof assistants don't assume they are writing for PhDs. If anyone working on a proof assistant reads this,
we encourage you to write easy-to-follow, yet in-depth tutorials of such features.
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CHAPTER 3

VERIFYING THE ZX-CALCULUS

Typically, when verifying programs, we focus on languages that have easy operational

semantics, such as declarative and functional languages. When verifying graphical lan-

guages, the naive approach is to use graph theory formalized in Rocq. Current formaliza-

tions of graphical concepts, however, typically rely on axiomatic data structures. 1 This

approach creates the problem of not being able to directly extract code or increasing the

size of the trusted code base from that of the core proof assistant. So how can verify a

graphical language? Especially one where, like the ZX-calculus, we care about �only con-

nectivity matters� and the connections between nodes? In the ZX-calculus's case, se-

mantics are fundamentally assigned by topology. To assign these semantics, we ought

to assign an ordering. For example, consider the ZX-diagram representing a CNOT gate

in Chapter 3. In this example, we need to choose whether the red or green spider comes

�rst to assign semantics, even if both diagrams are semantically equivalent. However,

the construction of semantics is distinct.

In practice, we can view any ZX-diagram in terms of the box decomposition. This ad-

ditional structure, however, can lead to some obfuscation. If we look at the boxed CNOT

diagram in Figure 3.1b, we see that it is not immediately obvious anymore which boxes

are next to each other. In later chapters, we explore strategies to deal with this issue, but

for now we will work in this structure and look at the practical impact of it in proof. The

great advantage for now is that we can explicitly construct matrix semantics in the Rocq

matrix library QuantumLib[INQWIRE Developers, 2022]. By using this library, we keep the

trusted code base of the Rocq kernel and Rocq real numbers from its standard library.

1. While there is no complete list of such projects, the interested reader can look at projects based on
https://github.com/coq-community/graph-theory
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(a) A simple graphical program, corresponding
to a CNOT in the ZX-calculus. (b) A CNOT adjusted for ordering.

Figure 3.1: The di�erence of traditional ZX-calculus representation and desugaring for
semantic evaluation.

In addition to linear algebra semantics, VyZX is designed with consideration for build-

ing a proof library for verifying tools built on top of the ZX-calculus.

We have an expressive language that can represent all ZX-diagrams and allows for all

ZX rules to be represented. We discuss this language in Section 3.1. In Section 3.3, we

show how we can use VyZX for applications, speci�cally, to convert quantum circuits

to ZX-diagrams and peephole optimizations. Of course, these applications are fully veri-

�ed. The circuit translation also shows us how having underlying semantics in QuantumLib

allows us to work with other veri�ed quantum libraries. We also built VyZX to allow for

rules to be parametric, meaning arbitrarily sized. With that we can perform proofs induc-

tively based on number of inputs or outputs. We show this in Section 3.2. In Section 3.2,

we also explore some automation strategies to simplify proof.

The presentation of this chapter will draw on our 2024 paper [Lehmann et al., 2024].

3.1 Graphical Languages in Rocq

As alluded to before, representing graphs in proof assistants based on the CIC, such as

Rocq, is di�cult as they are fundamentally based on working with inductive datatypes.

To still work with the ZX-calculus, we look at it in its categorical interpretation. The ZX-

calculus is fundamentally a symmetric monoidal category as described in Selinger [2010]

amended with the Z and X spider generators. The exact category theory is not required

to understand the rest of the dissertation, but the interested reader can look at our 2024
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paper or at �ViCAR� [Shah et al., 2024], our generalization of VyZX to abstract categorical

semantics for general applied categorical reasoning. For the readers who do not have a

category theory background, the basic idea of a viewing the ZX-calculus as a symmet-

ric monoidal category is as follows: We break down the elements of the ZX-calculus into

constructors and assign them relative positions by having sequential and parallel com-

position. We show the constructors in Figure 4.1. With these constructors, we can repre-

sent any ZX-diagram. Before we discuss this further, we will introduce a more e�ective

way to display VyZX diagrams.

Typical ZX-diagrams don't show the information added by VyZX, namely the explicit

composition and stacking. Further, ZX-diagrams focus on connections between spiders,

whereasVyZXfocuses on the structure of the generators. To address this gap, Bhakti Shah

and I built a visualizer for terms in VyZX, called �ZXV iz .� ZXV iz integrates into VSCode

through the Rocq language server to provide visualizations as the proof engineer works

on ZX-calculus proofs. We discuss the implmentation later in Section 3.4.1. In Figure 3.3

we show the renderings of each block constructors using ZXV iz .

There are a few other constructs we add for convenience or for expressivity. We add

nStack c to stack a diagram c times on top of itself. This allows us to create common

structures such as nWire n which is a shorthand for n wires. These common constructs

are required for many rules in the ZX-calculus. Another important construct is cast , a

common concept found in dependently typed systems, to prove equality between de-

pendent type arguments. In our case we de�ne cast with the following type:

cast (n m : N) {n ' m' : N} (prfn : n Æn' ) (prfm : m Æm' ) (zx : ZX n ' m' ) : ZX n m.

Given nat equality is decidable, this construct is also sound.

Typically, in the ZX-calculus we can consider equality up to a constant, non-zero fac-

tor, as discussed in Section 2.1.2; hence we will also de�ne proportionality for VyZX as

discussed.
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in out : N ® : R

Zin out ® : ZXin out Cup: ZX0 2 Cap: ZX2 0

in out : N ® : R

Xin out ® : ZXin out

Wire : ZX1 1 Box : ZX1 1 Swap: ZX2 2 Empty: ZX0 0

zx0 : ZXin mid zx1 : ZXmid out

Compose zx0 zx1 : ZXin out

zx0 : ZXin 0 out 0 zx1 : ZXin 1 out 1

Stack zx0 zx1 : ZX(in 0 + in1) (out 0 + out1)

Figure 3.2: The inductive constructors for block representation ZX-diagrams

(a) A ¼X
spider. VyZX
term: X n m

PI

(b) A cast of diagram
to n' inputs and m'

outputs. VyZX term:
cast n m diagram

(c) A function f applied
to a Z-spider. VyZX
term: f (Z 1 1 0)

(d) Hadamard
box.VyZX term: ä

(e) n_wire n
(f) A composed with
B. VyZX term: A $ B

(g) A stacked
with B. VyZX
term: A l B

Figure 3.3: VyZX constructors and functions visualized using ZXV iz . See Figure 4.1 for
details on the constructors.

3.2 Graphical proofs

When discussing graphical proof, we speci�cally mean proofs that directly manipulate

ZX-diagrams, instead of reasoning about the underlying semantics. It is one of the core

design goals of VyZX to enable proof engineers to solely prove ZX-calculus problems via

graphical reasoning, without having to appeal to the underlying matrix semantics. To

this end, we prove a complete set of rewrite rules for the ZX-calculus, including all rules

shown in Section 2.1.2.
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(a) bell_state_prep_correct lemma
(b) Reassociate and color-swap top-left

node

(c) Reassociate for fusion (d) Fuse top-left spiders
(e) Add auxiliary wires and

reassociate

(f) Fuse bottom-right spiders
(g) Remove auxiliary

wires and trivial spider
(h) Convert equivalent

spider into cap

Figure 3.4: Proof of the correctness of bell state preparation in VyZX.
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As an example of what this means in practice for the proof engineer, we show the

proof that the bell state preparation circuit is equivalent to a cap in ZX-calculus. First, we

transform the standard Bell pair circuit into a ZX-diagram by translating gates as shown

in Section 3.3. Figure 3.4a shows the outcome of this translation: The two X spiders on

the left prepare qubits in the j0i state, which is followed by a Hadamard and CNOT gate.

We start the proof by reassociating to use bi-Hadamard color-swapping on the top wire

in Figure 3.4b. After that, we reassociate (see Figure 3.4c) and fuse the two Zspiders in

Figure 3.4d. The next step is to reassociate (Figure 3.4e) and to fuse the X spiders in Fig-

ure 3.4f. Lastly, in Figure 3.4g, we simplify the resulting diagram and then convert the

spider into a cap in Figure 3.4h.

However, there are more considerations in our proof system: As is natural in proof

assistants, we would like to reason inductively over the number of inputs or outputs of a

given spider. For this, we de�ned a way to inductively reason about spider input/output

growth, as shown in Figure 3.5. This allows us to deconstruct any arbitrary sized rule into

an inductive problem and prove up from the base case. For example, spider fusion, which

is de�ned on n È 0 connections between the spiders, can be broken down into the base

casen Æ1 and then proven inductively. Practically, many rules that are directly derived

from semantics are provable inductively: Prove the base case with matrix semantics, and

(a) Lemma grow_Z_left_2_1 (b) Lemma grow_Z_top_left

Figure 3.5: grow_Z_top_left is built by induction using the base lemma grow_Z_left_2_1
which is proven directly via the matrix semantics.
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then use the inductive hypothesis to graphically rewrite the induction step. This proof

is, like the bell pair proof, from our work on VyZX Lehmann et al. [2024].

Using these facts, we can prove spider fusion properties inductively, such as the lim-

ited property of spider fusion of fully connected spider, shown in Figure 3.6a. When look-

ing at the base (m Æ1) case in Figure 3.6b, we see that our base case corresponds to a

lemma that we previously proved via an appeal to the underlying semantics. In the m Å 1

case (Figure 3.6c), we aim to fuse the top two wires and reduce the goal to our induc-

tive hypothesis. As shown in Figure 3.6d, we �rst expand both spiders to have one input

and two outputs, or two inputs and one output spiders emerging from the top. We then

reassociate in Figure 3.6e. Then, we fuse the expanded spiders in Figure 3.6f. We use au-

tomation to clean up the diagram; we show the state in Figure 3.6g. Lastly, we complete

the proof using the inductive hypothesis in Figure 3.6h.

3.3 Applications: Ingestion & Peephole Optimization

Quantum programs are usually represented using the circuit model popularized by Deutsch

[1989], Nielsen and Chuang [2010b]. Hietala et al. [2021a]'s sqir embeds quantum cir-

cuits in Rocq, with QuantumLibmatrix semantics [INQWIRE Developers, 2022]. Funda-

mentally, its representation of circuits is an inductive structure that allows circuit com-

ponents with n qubits (i.e., inputs and outputs) to be created. Quantum circuits in gen-

eral work on a qubit-based model, circuits and all sub-circuits that are horizontally com-

posed are constant size and induce unitary (i.e., square) matrices. Circuits comprise a

composition of components of size n . Each component either has no gate, a one-qubit

gate operating on qubit q Ç n , or a two-qubit gate operating on qubits p,q Ç n where

p 6Æq. We immediately see that this model di�ers substantially from VyZX's model: ZX-

diagrams have n inputs and m outputs for any n or m . Moreover, sqir circuit components

explicitly specify gate locations on numbered qubits instead of stacking diagrams.
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(a) Z_absolute_fusion lemma
(b) Base case proven sepa-
rately (c) Inductive case

(d) Inductive case after expansion (e) Reassociating subdiagrams

(f) Fusing upper spiders

(g) Re-shrinking the graph

(h) Applying the inductive
hypothesis

Figure 3.6: Proof of Z_absolute_fusion .
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